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On open string in generic background
Liu Zhao and Wenli He
Institute of Modern Physics, Northwest University, Xian 710069, China
A set of consistent Poisson brackets for an open string in generic spacetime background and NS-NS
B-field is constructed. Upon quantization, this set of Poisson brackets lead to spacial commutative
D-branes at the string ends, showing that noncommutativity between spacial coordinates on the
D-branes can be avoided.
PACS numbers: 11.25-w
I. INTRODUCTION
Field theories defined on noncommutative spaces have
attracted considerable attention during the last few years
[1]. This is largely due to the study of open string theory
in background NS-NS B-field. For constant B-field, a
number of papers [2, 3, 4, 5, 6, 7] by different authors
have revealed that the quantization procedure would lead
to noncommutativity at the boundary, i.e. D-branes in
the perturbative string picture, though there are some
discrepancies [8] on the way in which coordinates on the
D-branes noncommute.
For string theory to be a fundamental theory, it is
reasonable to require that the description of string the-
ory should be background independent. Of course the
background independence cannot be realized in a ver-
bose way, but there is a large library of string duali-
ties to which we can resort to realize in a lose sense
the background independence. Moreover, in the study
of noncommutative gauge theories, Seiberg and Witten
[9] found some famous maps between 1) a noncommuta-
tive field theory with a small noncommutative parameter
and a commutative one and 2) one noncommutative field
theory with another with different noncommutative pa-
rameters. However, there are some ambiguities in the
Seiberg-Witten maps, some of which can be resolved [10]
by field-dependent gauge transformations and field redef-
initions, whilst others cannot [11].
In an earlier paper [8], we studied the problem of quan-
tization of open string in flat spacetime with constant
background B-field, with the aim to resolve the discrep-
ancies between different works. The approach we used
is a direct modification of the Poisson brackets at the
boundaries, following the principle of locality [12]. To
our astonishment, the equations determining the mod-
ifications are under determined (2 equations for 3 un-
knowns), and we found an infinite number of consistent
Poisson structures, each leads to a different quantization
scheme. In particular, all previous results on the same
problem are special cases of our result, and the discrep-
ancies among them are just a choice of Poisson structure
from our result. What is more remarkable is that, in our
result, there is a particular Poisson structure which does
not lead to noncommutativity at the boundaries upon
quantization. This means that in the presence of con-
stant background B-field, open string can be quantized
without introducing noncommutativity on the D-branes.
In this Letter, we shall consider the Poisson structure
for open string in generic spacetime metric and back-
ground B-field using the same method as in our pre-
vious paper [8]. Unlike the case with constant B-field,
the equations determining the modified Poisson brack-
ets are over determined and no general solution to them
is known to exist. However, there is a simple solution
which, upon quantization, gives rise to vanishing commu-
tators between coordinates at the open string boundaries.
In other words, the D-branes corresponding to our solu-
tion are still commutative, in spite of the presence of the
generic background B-field. It should be remarked that
the same problem has already been studied by Ho and
Yeh in [13], which contains very different result. How-
ever, the result of [13] is based on the assumption that
the spacetime coordinatesX i depend only linearly on the
world sheet coordinate σ, i.e. X i = xi+piσ, which is not
valid in general, and it is not known whether the Poisson
brackets (and consequently the commutators after quan-
tization) obtained there obey Jacobi identities or not.
II. POISSON STRUCTURE FOR OPEN STRING
IN GENERIC BACKGROUND
Now let us consider the problem in detail. The bosonic
part of the world sheet action for open string theory
reads,
S =
1
4πα′
∫
d2σ
√−g [gabGij(X)∂aX i∂bXj
+ 2πα′Bij(X)ε
ab∂aX
i∂bX
j + α′Φ(X)R(2)],
where Gij(X), Bij(X) and Φ(X) are, respectively, the
background metric, antisymmetric tensor and dilaton
fields, which are the only fields in the NS-NS sector. The
world sheet metric (gab) is chosen to have the signature
(1,−1), and ǫ01 = 1 = −ǫ10. It is commonly known
that a quantum string theory cannot exist under arbi-
trary background fields Gij(X), Bij(X) and Φ(X). To
ensure quantum consistency, only those background fields
which have quantum Weyl invariance are allowed. This
requirement induces certain constraints on the choice of
the background fields, which, to first order in α′, are
given by the vanishing of the beta functionals. A crucial
observation is that, the vanishing conditions for the beta
2functionals are differential equations in spacetime only
which do not involve any world sheet derivatives. There-
fore, we assume throughout this Letter that the back-
ground fields Gij(X), Bij(X) and Φ(X) depend only on
the spacetime coordinates X i and subject to the vanish-
ing conditions for the beta functionals. Such background
fields are referred to as generic backgrounds as compared
to the constant backgrounds. We assume also that the
field Bij is spacetime-filling and invertible, otherwise we
shall be considering only the subset of the spacetime in
which Bij is invertible.
Since the background fields we have chosen to study
preserve conformal symmetry, we may use this symme-
try to choose a specific gauge for the world sheet met-
ric, i.e. the flat gauge under which the two dimen-
sional Ricci scalar R(2) vanishes and the metric gab reads
(gab) = diag(1,−1). Under this choice, the action may
be rewritten as
S =
1
4πα′
∫
d2σ[gabGij(X)∂aX
i∂bX
j
+ 2πα′Bij(X)ε
ab∂aX
i∂bX
j], (1)
in which the dilation field Φ(X) simply decouples.
The variation of (1) yields the equations of motion
∂a∂aX
k + Γkij(X)g
ab∂aX
i∂bX
j
− πα′Gkl(X)B(ij, l)(X)ǫab∂aX i∂bXj = 0
and the mixed boundary conditions
[
Gik(X)∂σX
i + 2πα′Bkj(X)∂τX
j
]∣∣
σ=0,π
= 0, (2)
where
Γkij(X) =
1
2
Gkl
(
δGlj
δX i
+
δGil
δXj
− δGij
δX l
)
is the spacetime connection and
B(ij, l)(X) =
δBij
δX l
+
δBjl
δX i
+
δBli
δXj
is the cyclic spacetime derivative (the 3-form field
strength) of the background field B.
The canonical conjugate momenta are defined in the
usual way,
Pi ≡ δL
δ∂τX i
=
1
2πα′
[
Gij(X)∂τX
j + 2πα′Bij(X)∂σX
j
]
,
so that ∂τX
k can be expressed in terms of Pi and X
j as
∂τX
k = 2πα′Gki(X)
[
Pi −Bij(X)∂σXj
]
. (3)
In the absence of boundary conditions, the naive Pois-
son brackets hold for the world sheet string theory, i.e.
{
X i(σ), Xj(σ′)
}
= {Pi(σ), Pj(σ′)} = 0, (4){
X i(σ), Pj(σ
′)
}
= δijδ(σ − σ′). (5)
However, the appearance of boundary conditions (2)
makes the naive Poisson structure (4)-(5) inconsistent at
the end points of the open string, and one has to modify
(4) and (5) to get a consistent Hamiltonian formalism of
the world sheet theory.
Since the inconsistency only appears at the string end
points, one needs to modify the naive Poisson structure
only at these end points by locality. The most general
form of the modified Poisson brackets read
{
X i(σ), Xj(σ′)
}
= (AL)ijδ(σ + σ′) + (AR)ijδ(2π − σ − σ′), (6){
X i(σ), Pj(σ
′)
}
= δijδ(σ − σ′)
+ (BL)ijδ(σ + σ′) + (BR)ij δ(2π − σ − σ′), (7)
{Pi(σ), Pj(σ′)} = (CL)ijδ(σ + σ′) + (CR)ijδ(2π − σ − σ′),
(8)
where AL,R, BL,R and CL,R are assumed to be some oper-
ators which may act on the variable σ′, and AL,R, CL,R
are antisymmetric under i ↔ j. The first term on the
right hand side of (7) has to be there since we need to
keep the bulk equations of motion unchanged. Our main
task will be the determination of the operators AL,R,
BL,R, CL,R, so that the equations (6)-(8) defines a con-
sistent Poisson structure for the world sheet theory of the
open string.
To determine the values of the operators AL,R, BL,R,
CL,R, we now reformulate the boundary conditions (2)
into the following boundary constraints, in which the
world sheet time derivatives ∂τX
i are expressed in terms
of Pi and X
j by use of (3):
(GL)
i ≡ lim
ǫ→0+
∫ π
0
dσδ(σ − ǫ)[∂σX i
+ (2πα′)2Bim(X)(Pm −Bmk(X)∂σXk)] ≃ 0, (9)
(GR)
i ≡ lim
ǫ→0+
∫ π
0
dσδ(π − ǫ− σ)[∂σX i
+ (2πα′)2Bim(X)(Pm −Bmk(X)∂σXk)] ≃ 0. (10)
One should notice that the order of limitation and inte-
gration in the last two equations cannot be reverted in
order that the boundary constraints (GL)
i and (GR)
i are
actually equivalent to the original boundary conditions.
Through some straightforward calculations with the
help of (6)-(8), we can obtain the following Poisson brack-
3ets,
{(GL)i, Xj(σ′)} = lim
ǫ→0+
∫ π
0
dσδ(σ − ǫ)
×
[
δin∂σ + (2πα
′)2
(
δBim
δXn
Pm −BimBmkδkn∂σ
−δ(B
imBmk)
δXn
∂σX
k
)]{
Xn(σ), Xj(σ′)
}
+ lim
ǫ→0+
∫ π
0
dσδ(σ − ǫ)(2πα′)2Bim {Pm(σ), Xj(σ′)}
=
[
(2πα′)2(P − X )AL +
(
I − (2πα′)2B2)AL∂σ′
− (2πα′)2B(I + BL)
]ij
δ(σ′), (11)
where and hereafter we will always use the abbreviations
P in ≡
δBim
δXn
Pm, X in ≡
δ(B2)ik
δXn
∂σX
k.
Analogously, we have
{(GL)i, Pj(σ′)} = lim
ǫ→0+
∫ π
0
dσδ(σ − ǫ)
×
[
(2πα′)2
(
δBim
δXn
Pm −BimBmkδkn∂σ
−δ(B
imBmk)
δXn
∂σX
k
)
+ δin∂σ
]
{Xn(σ), Pj(σ′)}
+ lim
ǫ→0+
∫ π
0
dσδ(σ − ǫ)(2πα′)2Bim{Pm(σ), Pj(σ′)}
= {[(2πα′)2B2 − I] (I − BL)∂σ′
+ (2πα′)2 [(P − X )(I + BL) +BCL]}ijδ(σ′). (12)
With the replacements AL → AR, BL → BR, CL → CR
and δ(σ′− ǫ)→ δ(π− ǫ−σ′) in (11)-(12), we can get the
similar Poisson brackets for GR.
In order that the new Poisson brackets (6)-(8) be con-
sistent with the boundary conditions (2), the Poisson
brackets (11) and (12) have to vanish. This leads to the
following operator equations
(2πα′)2(P − X )AL,R +
(
I − (2πα′)2B2)AL,R∂σ′
− (2πα′)2B(I + BL,R) = 0, (13)[
(2πα′)2B2 − I] (I − BL,R)∂σ′
+ (2πα′)2 [(P − X )(I + BL,R) +BCL,R] = 0, (14)
where the action of the operators are right-associative.
In particular, ∂σ′ acts not only on the operators next to
it, but also on any other quantities to which the left hand
side of the complete equation may be applied. Once the
last two equations (13)-(14) are satisfied, the boundary
constraints GL,R will Poisson-commute with everything
in the phase space and hence they can be set equal to
zero without causing any inconsistency.
However, contrary to the case with constant back-
ground B-field, we cannot finish the story upon getting
the two equations (13)-(14). We must also require that
the modified Poisson brackets (6)-(8) satisfy Jacobi iden-
tity. As mentioned just now, since the boundary con-
straints GL,R Poisson-commute with everything in the
phase space once (13)-(14) are satisfied, we cannot ex-
pect to get anything new with GL,R inserted into Ja-
cobi identities. But there are other instances of Ja-
cobi identities which need a check. In fact, there are
totally 4 instances to be checked: the Jacobi identi-
ties for {X i, Xj, Pk}, {X i, Pj , Pk}, {X i, Xj, Xk} and for
{Pi, Pj , Pk}. The first two of these read
{X i(σ), {Xj(σ′), Pk(σ′′)}}+ {Xj(σ′), {Pk(σ′′), X i(σ)}}
+ {Pk(σ′′), {X i(σ), Xj(σ′)}} = 0, (15)
{X i(σ), {Pj(σ′), Pk(σ′′)}}+ {Pj(σ′), {Pk(σ′′), X i(σ)}}
+ {Pk(σ′′), {X i(σ), Pj(σ′)}} = 0. (16)
Straightforward calculations using (6)-(8) shows that
(15) and (16) are equivalent to the following equations
at the left end of the open string,
(AL)imδ(σ + σ′′)δ[(BL)
j
kδ(σ
′ + σ′′)]
δXm(σ′′)
+ [δimδ(σ − σ′′) + (BL)imδ(σ + σ′′)]δ[(BL)
j
kδ(σ
′ + σ′′)]
δPm(σ′′)
− (AL)jmδ(σ′ + σ′′)δ[(BL)k
iδ(σ + σ′′)]
δXm(σ′′)
− [δjmδ(σ′ − σ′′) + (BL)jmδ(σ′ + σ′′)]δ[(BL)k
iδ(σ + σ′′)]
δPm(σ′′)
− [δkmδ(σ′ − σ′′) + (BL)kmδ(σ′ + σ′′)]δ[(AL)
ijδ(σ + σ′)]
δXm(σ′)
+ (CL)kmδ(σ′′ + σ′)δ[(AL)
ijδ(σ + σ′)]
δPm(σ′)
= 0, (17)
(AL)imδ(σ + σ′′)δ[(CL)jkδ(σ
′ + σ′′)]
δXm(σ′′)
− (CL)jmδ(σ′ + σ′′)δ[(BL)k
iδ(σ + σ′′)]
δPm(σ′′)
+ [δimδ(σ − σ′′) + (BL)imδ(σ + σ′′)]δ[(CL)jkδ(σ
′ + σ′′)]
δPm(σ′′)
+ [δj
mδ(σ′′ − σ′) + (BL)jmδ(σ′′ − σ′)]δ[(BL)k
iδ(σ + σ′′)]
δXm(σ′′)
− [δkmδ(σ′ − σ′′) + (BL)kmδ(σ′ + σ′′)]δ[(BL)
i
jδ(σ + σ
′)]
δXm(σ′)
+ (CL)kmδ(σ′′ + σ′)δ[(BL)
i
jδ(σ + σ
′)]
δPm(σ′)
= 0, (18)
and similar ones at the right end of the open string with
AL,BL, CL ↔ AR,BR, CR, and σ, σ′, σ′′ ↔ π − σ, π −
σ′, π − σ′′ in all the δ-functions.
Using the fact that
δ
δXm(σ′′)
δ(σ + σ′′) =
δ
δPm(σ′′)
δ(σ + σ′′) = 0
4and that δ(σ + σ′′)δ(σ′ + σ′′) = δ(σ + σ′′)δ(σ′ − σ′′) is
nonzero only at σ = σ′ = σ′′ = 0 if σ, σ′, σ′′ are all non-
negative, we may drop all the δ-function dependencies in
(17) and (18) and get (now the equations at both ends
of the open string can be written in a unified way)
(AL,R)im δ[(BL,R)
j
k]
δXm
+ [δim + (BL,R)im]δ[(BL,R)
j
k]
δPm
− (AL,R)jm δ[(BL,R)k
i]
δXm
− [δjm + (BL,R)jm]δ[(BL,R)k
i]
δPm
− [δmk + (BL,R)mk]δ[(AL,R)
ij ]
δXm
+ (CL,R)km δ[(AL,R)
ij ]
δPm
= 0, (19)
(AL,R)im δ[(CL,R)jk]
δXm
+ [δim + (BL,R)im]δ[(CL,R)jk]
δPm
− (CL,R)jm δ[(BL,R)k
i]
δPm
+ [δj
m + (BL,R)jm]δ[(BL,R)k
i]
δXm
− [δkm + (BL,R)km]δ[(BL,R)
i
j ]
δXm
+ (CL,R)km δ[(BL,R)
i
j ]
δPm
= 0. (20)
By similar arguments, we get the following equations
from the other two instances of Jacobi identities involv-
ing three X ’s or three P ’s, which are also required to
hold at both ends of the open string,
δ(AL,R)ij
δXm
(AL,R)mk − δ(AL,R)
ij
δPm
[
δm
k + (BL,R)mk
]
+
δ(AL,R)jk
δXm
(AL,R)mi − δ(AL,R)
jk
δPm
[
δm
i + (BL,R)mi
]
+
δ(AL,R)ki
δXm
(AL,R)mj − δ(AL,R)
ki
δPm
[
δm
j + (BL,R)mj
]
= 0, (21)
δ(CL,R)ij
δXm
[δmk + (BL,R)mk] + δ(CL,R)ij
δPm
(CL,R)mk
+
δ(CL,R)jk
δXm
[δmi + (BL,R)mi] + δ(CL,R)jk
δPm
(CL,R)mi
+
δ(CL,R)ki
δXm
[δmj + (BL,R)mj ] + δ(CL,R)ki
δPm
(CL,R)mj
= 0. (22)
The set of equations (13)-(14) and (19)-(22) form
the complete set of equations which the operators
AL,R,BL,R, CL,R must obey. However, this is a system of
6 equations for 3 unknowns, i.e. they are over-determined
and a general solution is not guaranteed to exist. In par-
ticular, although we do not have a rigorous proof for the
non-existence of solutions with nonzero AL,R, it is ex-
tremely difficult to find one. On the contrary, it is very
easy to see that the case (AL,R)ij = 0 is a solution, with
(BL,R)i j = −δij ,
(CL,R)ij =
2
(2πα′)2
× (G+ 2πα′B)ik (B−1)kl (G− 2πα′B)lj ∂σ′ .
Inserting the above solution for AL,R,BL,R, CL,R into the
earlier postulation (6)-(8) we get the following consistent
Poisson structure,
{
X i(σ), Xj(σ′)
}
= 0, (23){
X i(σ), Pj(σ
′)
}
= δij [δ(σ − σ′)− δ(σ + σ′)− δ(2π − σ − σ′)] , (24)
{Pi(σ), Pj(σ′)} = 2
(2πα′)2
× (G+ 2πα′B)ik (B−1)kl (G− 2πα′B)lj
× ∂σ′ [δ(σ + σ′) + δ(2π − σ − σ′)] . (25)
It is remarkable that the form of the above Poisson
structure coincides with the (AL,R)ij = 0 solution in our
previous paper [8], though the background fields Gij and
Bij are now both varying with spacetime. Therefore, we
may call the Poisson brackets (23)-(25) the “background
independent” Poisson structure for the open string the-
ory. It is also worth mentioning that the Poisson brackets
(23)-(25) does not depend on the detailed choice of the
background fields, therefore they are also valid for gen-
eral nonlinear sigma models defined by (1) with the fields
Gij(X) and Bij(X) not necessarily preserving conformal
symmetry. Let us remark that the Poisson structure (23)-
(25) is an exact Poisson structure for any background
fields Gij and Bij , unlike the approximate result of [13],
which works only for a non-oscillating string or a rigid
rod.
III. DISCUSSIONS ON QUANTIZATION
Having obtained a consistent set of Poisson brackets
(23)-(25) for the open string theory, we now come to the
step for quantization. The Poisson brackets (23)-(24) are
both linear and can be changed into canonical equal time
commutators via the substitution { , } → −i[ , ], i.e.
[
X i(σ), Xj(σ′)
]
= 0, (26)[
X i(σ), Pj(σ
′)
]
= iδij [δ(σ − σ′)− δ(σ + σ′)− δ(2π − σ − σ′)] . (27)
The last one of the Poisson brackets, eq. (25), is in gen-
eral nonlinear in the spacetime coordinates X i, therefore
to change this last Poisson bracket into commutators we
need to pay some more care on the operator ordering on
the right hand side. Fortunately, since the right hand
side of (25) depends only on X i, and we have seen from
(26) that the operators X i commute among themselves
5at equal world sheet time, the operator ordering problem
on the right hand side of (25) can be easily resolved. The
quantized form of (25) is then given as
[Pi(σ), Pj(σ
′)] = i
2
(2πα′)2
× : (G+ 2πα′B)ik (B−1)kl (G− 2πα′B)lj :
× ∂σ′ [δ(σ + σ′) + δ(2π − σ − σ′)] . (28)
The equations (26)-(28) constitute the set of fundamen-
tal commutators for the quantized open string theory in
generic background. We can see that the coordinates
at the ends of the strings are free of noncommutativ-
ity, thanks to (26). Moreover, the commutators between
the coordinates and momenta at the boundaries are also
vanishing (see eq.(27) at σ = σ′ = 0, π). The only
noncommutativity to appear in the quantum theory is
in between the momenta, due to (28). It then follows
from the standard Heisenberg equations that the world
sheet time derivatives ∂τX
i at σ = 0, π will be identi-
cally zero, implying that the branes to which the string
ends are attached can only be D-branes, even if classically
the boundary conditions appears to be mixed. Though
we cannot say that the above quantization scheme is
the only possible one for open string in generic back-
ground, we can at least conclude that the spacetime non-
commutativity at the boundary D-branes can be avoided,
and should be avoided, since noncommutative boundaries
would in general spoil the stability of the D-branes, i.e.
∂τX
i can become nonzero at σ = 0, π. That spacial
noncommutative boundaries could be avoided for open
string in generic background might also be helpful in set-
tling the embarrassing ambiguities in the Seiberg-Witten
maps which are so far unresolved [11].
Before ending this Letter, we should mention that we
are not attempting to make a systematic description for
the quantum theory of open strings in a generic back-
ground. For that purpose we should have gone done into
details on the treatment of Virasoro constraints in the
bulk (which is a consequence of the bulk equation of mo-
tion for the world sheet metric) as well as the analysis
on the physical spectrum. However, since the Virasoro
constraints are constraints purely in the bulk because on
the boundaries the variations of the world sheet metric
should simply be vanishing, giving rise to no constraints
over the world sheet fields at all, our results on the bound-
ary commutators should not be affected by the bulk Vi-
rasoro constraints. On the other hand, the analysis of
physical spectrum in the presence of generic background
is a very difficult task if not impossible, because such
an analysis depends crucially on the mode expansions
for the solutions of bulk fields, the form of which is not
known unless the explicit form of the background fields is
given. We therefore simply skip these steps by stressing
once again that the boundary commutators between the
world sheet fields will not be affected by such analysis.
After the completion of this work, we are informed by
the authors of [14] and [15] about their works. These
works also considered the problem of quantization for
open string in curved metric and non-constant B-fields,
and both of them give noncommutive results. However,
the validity of Jacobi identities are not checked in [14],
while in [15], it is explicitly stated that the results are
based on the violation of Jacobi identities. Our results
in this Letter is on the complete contrary: we showed that
the spacial noncommutativity on the string ends does not
necessarily appear, and that when the string ends are
commutative, there is no violation of Jacobi identities.
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